About polynomials of degree 3.
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Find all polynomials P(x) of degree 3 such that
for all negative real numbers x and y
P(x+y) > P(x) + P(y).
Solution by Arkady Alt, San Jose,California, USA.
Let P(x) = ax3 — bx* + cx —d.Then P(x +y) > P(x) + P(y) <
(1) 3axy(x+y)—2bxy+d > 0foranyx,y € (—»,0).
To find necessary conditions for coefficients a,b and d we set x = y in inequality (1) and
obtain inequality 6ax?® — 2bx*> + d > 0 for any x < 0.

Hence, d > lim(-2bx% — 6ax®) = 0and a < lim + (—2b ~d ) = 0.Thus,
X>0— X—>—00— 6 X x3
d>0anda < 0.

Since 2b < 6ax + -4- for any x < 0 and by AM-GM Inequality
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6w+ 4 =2 par+ L 2 3(9a% L) = 309a%d)"” then b < 00D
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To complete the solution we will prove that inequality 3axy(x +y) — 2bxy +d > 0
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holds for any x,y < 0ifd > 0, a < 0and b < M.
We have 3axy(x +y) = 2bxy+d > 0 < 3a(x+y) + % > 2b and by AM-GM Inequality
A 3 (—x + (— d _ d >
3a(x+y) + Xy 3(—a)(=x+ (=) + Xy 3lalx| + 3|a|y| + -] =
1/3

3(3|a||x| <3laly| - Wdlyl) = 3(9a*d)"” > 2b.
Thus, polynomial P(x) = ax® — bx* + cx — d satisfies P(x + y) > P(x) + P(y) for any x,y < 0

3(9a%d)"?

ifand only ifa < 0,d > 0,b < 5

(c can be any real).



